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1. Introduction
The decoherence process followed by a given quantum physical system is a consequence
of its unavoidable interaction with the environment. The ensuing non-unitary dynamics
is usually modelled by a (generalized) master equation for the system’s density
operator. In the literature of open quantum systems, master equations are usually
called Markovian if they did not involve an explicit time integration. Otherwise,
they are termed non-Markovian. These designations, however, do not agree with the
mathematical definitions of Markovian and non-Markovian processes, as was shown
long ago [1]. Moreover, non-Markovian master equations can be rewritten in time-
local form (without explicit time integration), as it was recently shown [2, 3]. Thus,
an alternative, more specific criterion, will be used in this paper to characterize non-
Markovian dynamics. The dynamics of a system is non-Markovian if it can be described
by a master equation of generalized Lindblad form, with temporarily negative decay
rates [4, 5, 6].
In order to estimate the effects of nonunitary dynamics on different quantum
information processing protocols, it is customary to use several archetypal quantum
operations on a qubit [7]: the depolarizing, phase-damping (or phase-flip) and
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amplitude-damping channels. They are usually assumed to be Markovian, with constant
decay rates, in theoretical and experimental analyses [8]. However, the description of
decoherence in solid state systems, the most promising scalable realizations of quantum
processors, often needs to be non-Markovian [9, 10, 11, 12, 13, 14, 15, 16]. Thus, it is
important to determine the generality of the analyses using the above mentioned noisy
channels, and if the usual Markovian assumption is unnecessary. The purpose of this
manuscript is to show, explicitly, that the archetypal one-qubit noisy channels, described
before, generally describe non-Markovian dynamics.
This manuscript is organized as follows. In section 2, a brief review is made of
Markov and Lindblad master equations, Kraus operator sum representation and the
usual one qubit noisy channels. We consider quantum models of noise for one-qubit
depolarizing (section 3), dephasing (section 5) and amplitude damping (section 7)
channels, and classical models of noise for one-qubit depolarizing (section 4) and
dephasing (section 6) channels. These models are simple yet (generally) non-Markovian
models, where decoherence of the qubit is due to the fluctuation of macroscopic variables
which enter in the Hamiltonian or by the establishment of correlation betwen the system
and its environment. Some conclusions are drawn in the last section of the paper.
2. Markov, Lindblad and Kraus
A typical Markovian master equation is a dynamical equation for ρˆS(t), the density
operator of the system of interest, which can be cast as
dρˆS(t)
dt
= − i
~
[
Hˆ, ρˆS(t)
]
+ LDρˆS(t), (1)
where LD is a time-independent (super)operator. Not all Markovian master equations,
however, can be written in this way, as we will see below. Markovian master equations
are important tools to model open quantum systems, not only due to their mathematical
simplicity, but also because they capture the physical behavior of many important
systems, such as open QED (Quantum Electrodynamics) systems [17, 18, 19, 20]. Many
Markovian master equations can be derived from system-environment models employing
the Born-Markov approximation [21], which relies on a series of assumptions which are
not always satisfied [22]: weak system-environment coupling, separable total density
operator, bath correlation time much smaller than the relaxation time of the system,
and unperturbed transition times of the system much smaller than its relaxation time.
The next to last assumption implies that the environment is infinite. Thus, loosely
speaking, Markovian behavior is typical of systems which interact weakly with infinite
environments. Sometimes, Markovian master equations present unphysical behavior,
because they lead to negative density operators [23, 24].
Master equation of the Lindblad form [25, 26], which preserve the fundamental
properties of density operators (non-negativity, unit trace and hermicity), are also
Markovian. The standard form of Lindblad master equations [25] for the density
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operator of the system of interest, ρˆS(t), is
dρˆS(t)
dt
= − i
~
[
Hˆ, ρˆS(t)
]
(2)
+
∑
i
(
2 Lˆi ρˆS(t) Lˆ
†
i − Lˆ†i Lˆi ρˆS(t)− ρˆS(t) Lˆ†i Lˆi
)
,
where Hˆ is a Hamiltonian and {Lˆj} are (possibly non-hermitian) operators, usually
known as Lindblad operators. For a given physical process the decomposition (2)
is not unique. However, it is convenient to interpret the first term of the right
hand side of (2) as the unitary evolution in the absence of interaction with the
environment, and the second term as the environment-system coupling. Despite their
mathematical properties, under special conditions Lindblad master equations can also
exhibit unphysical behavior, like the unbounded increase of the system’s energy [27].
One of the alternatives to the use of generalized master equations to describe
open quantum systems is the Feynman-Vernon influence functional [28]. Other, which
was derived by Kraus [29] employing the idea of complete positivity, is known as the
“operator-sum representation” of the quantum dynamics of an open system. The Kraus
representation of a decoherence process
ρˆS(t) =
∑
i
Eˆi(t) ρˆS(0) Eˆ
†
i (t), (3)
where the Kraus operators Eˆi(t) satisfy the condition of probability conservation∑
i Eˆ
†
i (t) Eˆi(t) = Iˆ, gives the evolution of the density matrix of the system of interest.
The operator sum representation and Lindblad-form master equations can be
related. In effect, if a closed quantum system, initially in a product state ρˆT(0) =
ρˆS(0) ⊗ ρˆE(0), comprises two interacting subsystems, the system of interest S and its
environment E, the exact dynamics of the state of any of the subsystems can be put
in Kraus form. If the inequality τC ≪ τ ≪ τH is satisfied, where 1/τC is the cutoff
frequency of the bath density of states, τ an adequate coarse-graining time scale and
τH the characteristic time-scale of the hamiltonian evolution of the system, then it
is possible to derive a completely-positive master equation starting from the Kraus
operator-sum representation [30, 31], linking both descriptions.
The most popular quantum channels are the depolarizing, phase-damping (or
phase-flip) and amplitude-damping one-qubit channels [7]. We consider a qubit with
orthonormal states |0〉 and |1〉. In this basis the operator σˆ3 = |0〉 〈0|−|1〉 〈1| is diagonal,
and the lowering operator is given by σˆ− = |1〉 〈0| = σˆ1 − iσˆ2 = σˆ†+. The depolarizing
channel for a single qubit
ρˆS(p) = p
Iˆ
2
+ (1− p) ρˆS(0), (4)
describes a process where the qubit, initially in its state ρˆS(0), remains in this state
with probability 1− p, and changes to the maximally mixed state Iˆ/2 with probability
p. Another popular description of a depolarizing channel ρˆS(p˜) =
p˜
3
∑
i σˆiρˆS(0)σˆi+ (1−
p˜) ρˆS(0) [32], emphasizes the probability of remaining in the same state, 1−p˜, in contrast
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to the probability of suffering an error. It is important to notice that p˜ = 3p/4, that is,
these probabilities are different: while 0 ≤ p ≤ 1, 0 ≤ p˜ ≤ 3/4. If a two-qubit mixed
state is used, instead of a Bell state, in the standard teleportation protocol, a generalized
depolarizing channel is obtained [33]. An amplitude damping channel is obtained when
a qubit interacts with a large reservoir at zero temperature, or a two-level atom in the
electromagnetic vacuum emits spontaneously [17, 18, 19, 20, 21]. An exciton confined
to a quantum dot and coupled to phonons [34], like a spin in a magnetic field whose
strength fluctuates in time, suffers a dephasing process.
The Markovian master equations, with constant decay rates, corresponding to the
depolarizing, amplitude-damping and phase-damping channels are
dρˆS(t)
dt
=
γ
8
∑
i
(
2 σˆi ρˆS(t) σˆi − σˆ2i ρˆS(t)− ρˆS(t) σˆ2i
)
, (5)
dρˆS(t)
dt
=
γ
2
(2 σˆ− ρˆS(t) σˆ+ − σˆ+ σˆ− ρˆS(t)− ρˆS(t) σˆ+ σˆ−) , (6)
dρˆS(t)
dt
=
γ
4
(
2σˆ3 ρˆS(t)σˆ3 − σˆ23 ρˆS(t)− ρˆS(t) σˆ23
)
, (7)
respectively, where σˆ2i = Iˆ (i = 1, 2, 3). These equations of motion, which do not have
a Hamiltonian contribution, were written to emphasize their Lindblad form.
The Kraus representation is generally used in the area of quantum information
processing to describe noisy dynamics. In particular, the operator-sum representation
(3) of the above-defined channels is given by the Kraus operators,
Eˆ
(D)
0 =
√
1− 3p
4
Iˆ , Eˆ
(D)
i =
√
p
2
σˆi, (i = 1, 2, 3) (8)
Eˆ
(AD)
0 = |0〉 〈0|+
√
1− p |1〉 〈1| , Eˆ(AD)1 =
√
p |0〉 〈1| , (9)
Eˆ
(PD)
0 =
√
1− pIˆ, Eˆ(PD)1 =
√
p |0〉 〈0| , Eˆ(PD)2 =
√
p |1〉 〈1| , (10)
where p(t) = 1 − e−γ t. The superscripts indicate the case we are considering:
depolarizing (D), amplitude-damping (AD) and phase-damping (PD) channels. A given
physical process can be described by multiple Kraus representations, as can be seen in
the phase-damping channel (10), which can also be given by the two Kraus operators
[35]
Eˆ0 =
√
1− p
2
Iˆ , Eˆ1 =
√
p
2
σˆ3. (11)
Traditionally, the term non-Markovian master equations denotes non-local
equations of the form dρˆS(t)/dt =
∫ t
0
dτK(t − τ)ρˆS(τ). However, not only they can
be rewritten in time-local form dρˆS(t)/dt = L(t)ρˆS(t) [2, 3], but also as generalized
Lindblad equations
dρˆS(t)
dt
= − i
~
[
Hˆ(t), ρˆS(t)
]
(12)
+
∑
i
γi(t)
(
2 Lˆi(t) ρˆS(t) Lˆ
†
i (t)− Lˆ†i (t) Lˆi(t) ρˆS(t)− ρˆS(t) Lˆ†i(t) Lˆi(t)
)
,
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with time-dependent Lindblad operators Lˆi(t) and decay rates γi(t) [4, 5]. The master
equation (12), where the decay rates become negative for some interval of time, is non-
Markovian. In the following sections we show that the same Kraus representations
used to described the usual one-qubit noisy channels can be related to many master
equations: Markovian equations with constant decay rates, Markovian equations with
time-dependent decay rates, and non-Markovian equations.
3. Simple quantum microscopic model of a depolarizing channel
Electronic spins in semiconductor quantum dots have been proposed as a prototype
of a scalable quantum computer [36]. A Caldeira-Leggett microscopic model of
decoherence, considered to be a generic phenomenological description of the environment
of the spins, has also been advanced [37]. The interaction of the spin with the
collection of harmonic oscillators, which describe its environment, is of the form Hˆint =
λ
∑
i σˆi
∑
k gk
(
aˆik + aˆ
†
ik
)
, where aˆik (aˆ
†
ik) is the annihilation (creation) operator of the
k-th harmonic oscillator coupled to the i-th component of the spin. The interaction is
clearly isotropic. It is also natural to represent the degrees of freedom of the environment
as spins, like in spin star models Hˆss =
g
~
sˆ ·∑i sˆi [38, 39, 40], where the interaction
corresponds to the hyperfine interaction, or to the interaction of the electronic spins with
other electronic spins. Repeated application of sum of environmental spins leads to a
Hilbert space which is a direct sum of “effective” spins. Here, a model closedly related
but generally different to the spin star model is considered. The model is described by
the Hamiltonian
Hˆ = ⊕k gk
~
sˆ · Sˆk. (13)
It is important to pay attention to the direct sum of effective spins appearing in the
Hamiltonian (13).
The model given by (13) corresponds to the spin star model with identical coupling
constants if the following conditions are obeyed. First, gk = g; second, the dimension
of the environmental Hilbert space is D = 2N ; and third, the degeneracy of the angular
momentum l, the number of values of k with lk = l, is [38, 39, 40]
ν(N, l) =
(
N
N
2
− l
)
−
(
N
N
2
− l − 1
)
, (14)
Here, we have taken into account that the eigenvalue of Sˆ
2
k is ~
2lk(lk + 1).
The initial state of the total system is assumed to be factorized ρˆT(0) = ρˆS(0) ⊗
ρˆE(0), that is, equal to the product of the initial spin state ρˆS(0) and the initial bath
state, ρˆE(0). The latter is assumed to be the maximally mixed state D
−1IˆD×D, where
IˆD×D stands for the identity in D dimensions, where D =
∑
k dk and dk is the dimension
of the Hilbert state of the k-th environmental effective spin. Since the Hamiltonian is
given by a direct sum, the dynamics corresponding to different values of k are decoupled.
In other words, we have many independent problems describing the interaction between
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spin 1/2 and spin lk, where the initial state is ρˆS(0)⊗ (dk)−1Iˆdk×dk , dk = (2lk + 1), with
probability qk = dk/D.
We first solve the dynamical problem for a fixed value of k. It is convenient to make
a unitary transformation, from the separated basis |s, smk〉 to the coupled basis |jk, sik〉.
States |s, smk〉, where s = 0, 1 and smk = 0, 1, · · · , 2lk, are simultaneous eigenstates of
sˆ2, Sˆ2k , sˆz and Sˆkz with eigenvalues 3~
2/4, ~2lk(lk + 1), ~(1/2 − s) and ~(lk − smk),
respectively. Coupled basis states |jk, sik〉 are simultaneous eigenstates of sˆ2, Sˆ2k , Jˆ2k and
Jˆkz, where Jˆk = sˆ+ Sˆk, with eigenvalues 3~
2/4, ~2lk(lk+1), ~
2jk(jk+1) and ~(jk−sik),
respectively. Here, jk can only take two values: lk + 1/2 and lk − 1/2, and sik varies
between zero and 2lk+2 (2lk) in the former (latter) case. One can go from the separated
basis to the coupled one using( ∣∣lk + 12 , sik〉∣∣lk − 12 , sik − 1〉
)
=
(
cosαki sinαki
− sinαki cosαki
)(
|0, sik〉
|1, sik − 1〉
)
, (15)
where the elements of the transition matrix are given by the Clebsh-Gordan coefficients
sinαki =
√
sik
2lk + 1
, cosαki =
√
2lk − sik + 1
2lk + 1
,
and sik = 1, · · · , 2lk. The extreme cases, sik = 0 and sik = 2lk + 1, simply read∣∣lk + 12 , sik = 0〉 = |0, sik = 0〉 and ∣∣lk + 12 , sik = 2lk + 1〉 = |1, sik = 2lk〉. Taking into
account that the system’s initial state is assumed to be pure ρˆS(0) = |ψ0〉 〈ψ0|, and
that in the sector of the k-th effective environment spin, Iˆdk =
∑2lk
smk=0
|smk〉 〈smk|, the
dynamical problem with initial state ρˆS(0)⊗(dk)−1Iˆdk×dk can be solved as the incoherent
sum, with weights (dk)
−1, of the problems with initial condition
|ψmk(0)〉 = |ψ0〉 ⊗ |smk〉 = (c0 |0〉+ c1 |1〉)⊗ |smk〉 ,
where smk = 0, 1, · · · , 2lk. Since the spin-bath Hamiltonian can be recast as ⊕kgk(Jˆ2k −
sˆ2−Sˆ2k)/(2~), we can see that the coupled states |lk + 12 , sik〉 (|lk − 12 , sik〉) are eigenstates
of Hˆ with eigenvalue ~gklk/2 (−~gk(lk + 1)/2). If the initial state |ψmk(0)〉 is expanded
in the coupled basis, evolved in time in this basis (in which the Hamiltonian is diagonal),
and transformed back to the separated basis we obtain
|ψmk(t)〉 = c0(t) |0, smk〉+ c1(t) |1, smk〉
+ c2(t) |0, smk + 1〉+ c3(t) |1, smk − 1〉 . (16)
The time-dependent coefficients are given by ca(t) = exp(−igt/4)c˜a(t), a = 0, 1, 2, 3,
where
c˜0(t) = c0
(
cos θt + i
2sik − 2lk − 1
2lk + 1
sin θt
)
, (17)
c˜1(t) = c1
(
cos θt + i
2lk − 2sik − 1
2lk + 1
sin θt
)
, (18)
c˜2(t) = −2ic1
√
(sik + 1)(2lk − sik)
2lk + 1
sin θt, (19)
c˜3(t) = −2ic0
√
sik(2lk − sik + 1)
2lk + 1
sin θt, (20)
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and θt = gk(2lk+1)t/4. After finding the total density matrix operator, and tracing out
the bath degrees of freedom, the reduced density operator for the spin one-half system,
ρˆSmk(t) = trk(|ψmk(t)〉 〈ψmk(t)|), is found to be
ρˆSmk(t) =
(|c2(t)|2 + |c0(t)|2) |0〉 〈0|+ c0(t)c1(t) |0〉 〈1|
+ c1(t)c0(t) |1〉 〈0|+
(|c1(t)|2 + |c3(t)|2) |1〉 〈1| ,
where c is the complex conjugate of c. Now, it is possible to take into account that the
initial bath spin-k state is (dk)
−1Iˆdk×dk , to show that
ρˆSk(t) =
1
2lk + 1
2lk∑
smk=0
ρˆSmk(t) =
1
2
(
Iˆ2×2 + sk(t) · σˆ
)
, (21)
can be exactly calculated. The Bloch vector sk(t) completely characterizes the quantum
state of spin one-half system and is given by
sk(t) = s(0)
4l2k + 4lk + 3 + 8lk(lk + 1) cos
(
(2lk+1)gkt
2
)
3(2lk + 1)2
, (22)
where sk(0) is the value of the Bloch vector of the initial state of the system. For large
values of lk, sk(t) ≈ s(0)(1 + 2 cos ((2lk + 1)gkt/2))/3. Finally, we have to average over
the different values of k: ρˆS(t) =
∑
k qkρˆSk(t). The final form of the Bloch vector is
s(t) = s(0)
∑
k
qk
4l2k + 4lk + 3 + 8lk(lk + 1) cos
(
(2lk+1)gkt
2
)
3(2lk + 1)2
. (23)
In the continuum limit, assuming a fixed value of lk = l and a gaussian distribution
of coupling constants, the final expression for the Bloch vector is
s(t) = s(0)
4l2 + 4l + 3 + 8l(l + 1)e−(2l+1)
2σ2t2/8 cos
(
(2l+1)Gt
2
)
3(2l + 1)2
, (24)
where σ is the standard deviation. The probability density to have a particular value g
for the coupling constant has been assumed to be
qG(g) = (2piσ
2)−1/2 exp(−(g −G)2/(2σ2)), (25)
where qG(g) is the continuous version of qk. Note that the Bloch vector decreases until its
length is reduced for a factor x(l) = 4l
2+4l+3
3(2l+1)2
, which satisfies the inequality 1
3
< x(l) ≤ 1
2
.
If the depolarizing channel (8) is applied to an initial pure state, its Bloch’s vector
evolves as s(D)(t) = s(D)(0)(1 − p). We thereby conclude that we have a depolarizing
channel for which
p(t) =
8l(l + 1)
3(2l + 1)2
[
1− e−(2l+1)2σ2t2/8 cos
(
(2l + 1)Gt
2
)]
. (26)
We first consider the case G = 0. We have a gaussian decay very different from the
(typical) Markovian process, p(t) = 1 − e−γt. Moreover, in contrast with the (typical)
Markovian case, where p(t) varies from zero to one, in the process described by (24),
p(t) varies, monotonically, from zero to pinf(l) =
8l(l+1)
3(2l+1)2
< 2
3
, i.e., this process does
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not display complete depolarization. However, this process is Markovian in the less
restricted sense outlined at the end of section 2. Indeed, γ(t) = −p˙(t)/(1− p(t)), where
the dot stands for the time derivative, is a strictly non-negative function of time. For
any non-vanishing value of G true non-Markovian effects are present. However, they
can be very small, unless G is at least of the order of σ. In this case, γ(t) becomes
temporarily negative.
As a second example of the distribution of coupling constants, we assume a
Lorentzian distribution q(g) = a(pi(g2 + a2))−1, where a is the scale parameter which
specifies the half-width at half-maximum. The average Bloch vector decreases as in the
previous example
sl(t) = sl(0)
4l2 + 4l + 3 + 8l(l + 1)e−(2l+1)at/2
3(2l + 1)2
, (27)
but in an exponential way. The corresponding master equation reads
dρˆS(t)
dt
=
γ(t)
8
3∑
i=1
(
2σˆiρˆS(t)σˆi − σˆ2i ρˆS(t)− ρˆS(t)σˆ2i
)
, (28)
where σˆ2i = Iˆ, which displays a generalized Lindblad form with γ(t) an explicit function
of time
γ(t) = Γ
(
1− 4l
2 + 4l + 3
4l2 + 4l + 3 + 8l(l + 1)e−(2l+1)at/2
)
. (29)
This process is Markovian, in the sense that γ(t) is non-negative.
In a simpler, but also interesting case, l and g fixed, p(t) varies periodically, and
the master equation is given by (28) with a time-dependent γ(t),
γ(t) =
(2l + 1)g
2
8l(l + 1) sin
(
(2l+1)gt
2
)
4l2 + 4l + 3 + 8l(l + 1) cos
(
(2l+1)gt
2
) , (30)
which, in contrast to (29), attain negative values, and characterizes a true non-
Markovian process. This case is an extreme case of gaussian distribution of coupling
constants, where the dispersion σ goes to zero. Uniform distributions of the coupling
constant, between a lower and an upper limit, and the spin star model with identical
coupling constants also produce non-Markovian evolution.
4. Simple classical microscopic model of a depolarizing channel
In nuclear magnetic resonance experiments and Bose-Einstein condensates the
decoherence process is often caused by residual fluctuating magnetic fields (see, for
example, [41]), which can be considered classical. In the Hamiltonian description of this
process
Hˆ = −µˆ ·B = ~gξ · σˆ, (31)
the dimensionless independent random variables ξi, i = 1, 2, 3, assumed to be gaussian of
zero average and standard deviation σ, are proportional to the corresponding magnetic
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field components. The constant g have units of frequency. If the initial state of the spin
system is ρˆS(0), its state at time t is
ρˆS(t) = e
−igtξ·σˆρˆS(0)e
igtξ·σˆ =
1
2
(
Iˆ2×2 + s(t) · σˆ
)
, (32)
where
s(t) = s(0) cos(2gtξ)+ξ×s(0)sin(2gtξ)
ξ
+(ξ ·s(0))ξ(1− cos(2gtξ))
ξ2
, (33)
and ξ =
√
ξ · ξ. Averaging over the different realizations of the noise variables ξi
(i = 1, 2, 3), the state of the two-level system is
ρˆS(t) =
1
2
(
Iˆ2×2 + s(t) · σˆ
)
,
s¯i(t) = si(0)
(
cos(gtξ) +
ξ2i (1− cos(gtξ))
ξ2
)
= si(0)f(t), (34)
where the property of vanishing averages of the distributions of ξi were used. Employing
the gaussian probability distributions qG(ξi) = (2piσ
2)−1/2 exp(−ξ2i /(2σ2)) (i = 1, 2, 3,)
and transforming to spherical coordinates, one finds the polarization factor
f(t) =
1
3
(
1 + 2(1− 4g2σ2t2)e−2g2σ2t2
)
, (35)
that is directly connected to the parameter p(t) of the depolarizing channel by p(t) =
1 − f(t). The spherical coordinates were defined by r = ξ, θ = arccos(ξ3/ξ), and
φ = arctan(ξ2/ξ1), where r ∈ [0,∞), φ ∈ [0, 2pi) and θ ∈ [0, pi]. In Figure 1 we plot the
polarization factor for σ = 1 as a function of the dimensionless time gt. In this case,
γ(t) = −f˙(t)/f(t) also attains the negative values that characterize non-Markovian
processes.
We stress that albeit none of the examples considered in the previous section and
this section are Markovian in the restricted sense, all of them are described by the
Kraus representation (8) of the depolarization channel, with different definitions of the
parameter p. The time-dependence of p allows for non-exponential and partial decay, in
time-dependent Markovian processes, and even recoherence in non-Markovian process,
in which case γ(t) is negative.
5. Simple quantum microscopic model of a dephasing channel
The model Hamiltonian we consider, given by
Hˆ =
~ω(t)
2
σˆ3 +
∑
k
~ωk
(
aˆk +
ckσˆ3
ωk
)†(
aˆk +
ckσˆ3
ωk
)
, (36)
describes the interaction of a two-level system with a collection of oscillators (coupling
constants ck), through an interaction which conserves the system’s observable σˆ3. The
creation and annihilation operators aˆ†k and aˆk satisfy the usual boson commutation
relations [aˆk, aˆ
†
k′] = δkk′. Hamiltonians of the type we consider here have been explored
by many authors [42, 43, 44, 45, 46]. We assume an initial state of the Feynman-Vernon
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Figure 1. Polarization factor f(t) for a microscopic model with classical gaussian
noise, with zero average and unit standard deviation. The solid line represents the
theory and the dashed red line a numerical average over 10000 realizations. In the
inset, the difference between the numerical result and the theoretical prediction is
plotted as a function of gt.
form ρˆT(0) = ρˆS(0)⊗
∏
k ρˆk(0), where ρˆk(0) = exp
(
−β~ωkaˆ†kaˆk
)
/Zk is the thermal state
of the k-th mode at inverse temperature β = 1/(kBT ) and Zk =tr
(
exp
(
−β~ωkaˆ†kaˆk
))
.
If the action of the unperturbed Hamiltonians is separated from the interaction, the
total density operator is
ρˆT(t) = e
−iΩ(t)σˆ3/2e−i
∑
k ωktaˆ
†
k
aˆUI(t, 0)ρˆT(0)U †I (t, 0)ei
∑
k ωktaˆ
†
k
aˆeiΩ(t)σˆ3/2 (37)
where the function Ω(t) =
∫ t
0
dτω(τ) has been defined. The interaction evolution
operator in the interaction picture, UI(t, 0),
UI(t, 0) = T exp
(
−i
∫ t
0
dτ
∑
k
(
cke
iωkτ aˆ†kσˆ3 + h.c.
))
= T e−i
∫ t
0
dτ
∑
k Hˆk(τ) (38)
needs the time-ordering prescription, indicated by T , because the commutators
[Hˆk(τ), Hˆk(τ
′)] do not vanish. However, due to the simplicity of the Lie algebra satisfied
by the operators appearing in the interaction Hamiltonian, [aˆkσˆ3, aˆ
†
l σˆ3] = δk,l, it is
relatively easy to trace out the environmental degrees of freedom to write
ρˆS(t) = e
−iΩ(t)σˆ3/2 Trk
(
e−i
∫ t
0
dτ
∑
k Hˆk(τ)ρˆS(0)
∏
k
ρˆk(0)e
−i
∫ t
0
dτ
∑
k Hˆk(τ)
)
eiΩ(t)σˆ3/2. (39)
Employing algebraic techniques [21] to calculate the trace, the density operator of the
system can be written as
ρˆS(t) = e
−iΩ(t)σˆ3/2
(
e−Γ(t)(1−σˆ3•σˆ3)/2ρˆS(0)
)
eiΩ(t)σˆ3/2, (40)
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where 4Γ(t) =
∑
k |ck|2(1 − cos(ωkt)) coth(~ωkβ/2)/ω2k. Here we have used the dot
superoperator convention, where the dot “•” stands for the operator to the right of the
superoperator as illustrated below
exσˆ3•σˆ3 ρˆS(0) =
∞∑
n=0
xn
n!
(σˆ3 • σˆ3)n ρˆS(0) =
∞∑
n=0
xn
n!
σˆn3 ρˆS(0)σˆ
n
3 .
Taking into account that ρˆS(0) =
∑
ij ρij |i〉 〈j| the expression into brackets in equation
(40) can be simplified as follows
e−Γ(t)(1−σˆ3•σˆ3)/2ρˆS(0) = e
−Γ(t)(1−σˆ3•σˆ3)/2
∑
ij
ρij |i〉 〈j|
=
∑
ij
ρije
−Γ(t)(1−sz(i)sz(j))/2 |i〉 〈j| , (41)
with sz(0) = 1 = −sz(1). If we explicitly write the four terms we have
e−Γ(t)(1−σˆ3•σˆ3)/2ρˆS(0) = ρ00 |0〉 〈0|+ e−Γ(t)ρ01 |0〉 〈1|+ e−Γ(t)ρ10 |1〉 〈0|+ ρ11 |1〉 〈1| ,
which can be recast as
e−Γ(t)(1−σˆ3•σˆ3)/2ρˆS(0) = e
−Γ(t)ρˆS(0) + (1− e−Γ(t)) (ρ00 |0〉 〈0|+ ρ11 |1〉 〈1|) . (42)
We recognize the form of a phase damping channel with p(t) = 1 − e−Γ(t). Finally,
including the effect of the unitary operators e±iΩ(t)σˆ3/2, we see that, at time t, the
reduced density matrix of the system can be written as a phase damping (PD) channel,
with E˜
(PD)
i = e
−iΩ(t)σˆ3/2Eˆ
(PD)
i , where the Kraus operators Eˆ
(PD)
i (i = 0, 1, 2) are given
in Eq. (10).
The behavior of p(t) depends on the number of oscillators of the environment, their
frequencies, coupling constants and the temperature of the bath. If the “environment”
contains a single oscillator, p varies periodically, with the unperturbed frequency of this
oscillator, between 0 and pM : the higher the temperature (or the stronger the coupling
or the smaller the frequency) the greater the value of pM . In this case, p(t) does not
have a limit for long times. Moreover, the master equation, which can be written as
dρˆS
dt
=
1
i~
[~ω(t)σˆ3, ρˆS] +
γ(t)
4
(
2σˆ3ρˆSσˆ3 − σˆ23 ρˆS − ρˆSσˆ23
)
, (43)
where σˆ23 = Iˆ, is non-Markovian. In particular, γ(t) is negative for an infinite number of
time intervals. Differently, when the limit to the continuum is taken (
∑
k →
∫
dω/(2pi)),
in the decoherence function Γ(t) at finite temperature a zero-temperature contribution
can be isolated,
Γ0(t) =
1
4
∫ ∞
0
J(ω)
2piω
(1− cos(ωt)) dω. (44)
The symbol J(ω) stands for spectral density, that is the square of the coupling constant
times the density of states divided by the frequency. The behavior of Γ(t) often differs
significantly at large times from that of Γ0(t), as shown in Figure 2. The examples given
before illustrate how p(t) = 1− e−Γ(t) can oscillate, grow to one or to a constant smaller
than one, exponentially or not.
Non-Markovian Microscopic Depolarizing Channel 12
0 2 4 6 80.0
0.2
0.4
0.6
0.8
1.0
tΤ
pH
tL
Figure 2. Dephasing channel. Function p(t) for a single oscillator with frequency
1/(2τ) and |c|2 coth(~ωβ/2)/ω2 = 4 (dotted line), and for a continuum of oscillators
with J(ω) = 8piωe−ωτ at zero temperature (solid line) and at β = τ/~ (dashed line).
Time is measured in units of the timescale τ (1/τ is a cut-off frequency).
6. Simple classical microscopic model of a dephasing channel
A dephasing channel also occurs when the magnitude of a classical magnetic field changes
randomly. The Hamiltonian which describes this situation, Hˆ = ~ω(t)σˆ3/2 + ~gξ(t)σˆ3,
where ξ(t) is a random variable. This Hamiltonian has previously been investigated as
a model of a solid state system, under the assumption that the random variable is a
stochastic process producing random telegraphic noise [47]. The equation of motion for
the density operator is easily integrated,
ρˆS(t) = e
−iΩ(t)[σˆ3,•]
(
e−ig[
∫ t
0
δξ(τ)σˆ3,•]ρˆS(0)
)
= e−iΩ(t)[σˆ3,•]
(
∞∑
n=0
(−ig)n
n!
∫ t
0
dt1 · · ·
∫ t
0
dtnξ(t1) · · · ξ(tn)[σˆ3, •]nρˆS(0)
)
,
where Ω(t) =
∫ t
0
ω(τ)dτ , and the dot superoperator convention has been used. A
gaussian stationary process ξ(t) with zero average satisfies [48]
ξ(t1)ξ(t2) = Φ(t1 − t2), (45)
ξ(t1) · · · ξ(t2n−1) = 0, (46)
ξ(t1) · · · ξ(t2n) =
∑
Perm
Φ(ti1 − ti2) · · ·Φ(ti(2n−1) − ti(2n)), (47)
where n is a positive integer, the overline indicates the expected value, and Φ(t1 − t2)
denotes the correlation function. A gaussian stationary process is given by
ξ(t) =
∑
i
xi cos(ωit) + yi sin(ωit), (48)
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where xi and yi are independent gaussian random variables with zero mean and identical
standard deviation σi. By employing the definition (48), one can verify the properties
(45) to (47). In particular, the correlation function is given by
Φ(t1 − t2) =
∑
i
σ2i cos(ωi(t1 − t2)). (49)
The averaged density operator
ρˆS(t) = e
−iΩ(t)[σˆ3,•]
(
∞∑
n=0
(−ig)2n
(2n)!
∫ t
0
dt1 · · ·
∫ t
0
dtn×
×
∑
Perm
Φ(ti1 − ti2) · · ·Φ(ti(2n−1) − ti(2n))[σˆ3, •]2nρˆS(0)
)
can be simplified taking into account that there are (2n)!/(2nn!) permutations of the 2n
times ti
ρˆS(t) = e
−iΩ(t)[σˆ3,•]
(
∞∑
n=0
(−ig)2n
(2n)!
(2n)!
2nn!
(∫ t
0
dt1
∫ t
0
dt2Φ(t1 − t2)
)n
[σˆ3, •]2nρˆS(0)
)
.
The dynamics of the two-level system
ρˆS(t) = e
−iΩ(t)[σˆ3,•]
(
e−
g2
2
∫ t
0
dt1
∫ t
0
dt2Φ(t1−t2)[σˆ3,[σˆ3,•]]ρˆS(0)
)
,
can also be written in the more explicit form
ρˆS(t) = e
−iΩ(t)σˆ3
(
e−
1
2
Γ(t)(1−σˆ3•σˆ3)ρˆS(0)
)
eiΩ(t)σˆ3 , (50)
where Γ(t) = 2g2
∫ t
0
dt1
∫ t
0
dt2Φ(t1− t2). As shown in the previous section, this evolution
corresponds to a phase damping channel with p(t) = 1 − e−Γ(t). If the two-point
correlation function Φ(t1−t2) = σ2δ(t1−t2) the dynamics is Markovian in the restricted
sense. If dΓ(t)/dt becomes negative, the dynamics is non-Markovian.
7. Simple quantum microscopic model of an amplitude damping channel
Finally, we consider a qubit interacting with a collection of harmonic oscillators,
which models the degrees of freedom of its environment, described by the Hamiltonian
Hˆ = ~ω
2
|1〉 〈1| +∑k ~ωkaˆ†kaˆk +∑k (ckaˆ†kσˆ− + c∗kaˆkσˆ+) [49, 22, 50]. Here, aˆk is the
annihilation operator of the k-th mode of the environment of free frequency ωk, and ck
are interaction constants. If the initial state of qubit and environment is |ψS〉⊗
∏
k |0〉k,
where |ψS〉 = α |1〉+ β |0〉 with |α|2 + |β|2 = 1, the state at time t can be written as
|Ψ(t)〉 = α(t) |1〉 ⊗
∏
k
|0〉k + β(t) |0〉 ⊗
∏
k
|0〉k +
∑
l
δl(t) |0〉 ⊗ |1〉l ⊗
∏
k 6=l
|0〉k . (51)
The use of Schro¨dinger equation leads to a set of coupled first-order linear equations for
the coefficients α(t), β(t) and δl(t). Solving the equations for δl(t) in terms of α(t), and
replacing into the equation for α(t) we find the integro-differential equation
dα(t)
dt
+ iωα(t) +
∫ t
0
dτ
∑
l
|cl|2e−iωl(t−τ)α(τ) = 0. (52)
Non-Markovian Microscopic Depolarizing Channel 14
The solution of this equation, which is also obtained for the independent oscillator model
[51], can be written as α(t) = α exp(−Γ(t)/2− iΩ(t)), where Γ(t) ≥ 0 and Ω(t) are real
functions. The reduced density matrix of the qubit is obtained tracing out the state of
the oscillators, ρˆS(t) = trE |Ψ(t)〉 〈Ψ(t)|, that gives
ρˆS(t) = µ(t) |1〉 〈1|+ (1− µ(t)) |0〉 〈0|+ (α(t)β∗ |1〉 〈0|+ h.c.) , (53)
where µ(t) = |α(t)|2 = |α|2 exp(−Γ(t)). A unitary contribution to the dynamics of the
qubit can be isolated
ρˆS(t) = e
−iΩ(t)|1〉〈1|
[
µ(t) |1〉 〈1|+ (1− µ(t)) |0〉 〈0|
+
(
e−Γ(t)/2αβ∗ |1〉 〈0|+ h.c.) ]eiΩ(t)|1〉〈1|. (54)
Now, applying the Kraus operators Eˆ
(AD)
0 , Eˆ
(AD)
1 of the amplitude damping channel of
Eq. (9) to the initial state ρˆS(0) = |ψS〉 〈ψS|, one obtains
Eˆ
(AD)
0 ρˆS(0)(Eˆ
(AD)
0 )
† = (1− p)|α|2 |1〉 〈1|+ |β|2 |0〉 〈0|
+
(√
1− pαβ∗ |1〉 〈0|+ h.c.
)
,
Eˆ
(AD)
1 ρˆS(0)(Eˆ
(AD)
1 )
† = p|α|2 |0〉 〈0| . (55)
Comparing the Kraus representation,
∑1
i=0 Eˆ
(AD)
i (t)ρˆS(0)(Eˆ
(AD)
i )
†(t), with the evolved
state of Eq. (54), we conclude that p(t) = 1 − e−Γ(t) and that the qubit dynamics
corresponds to an amplitude damping channel with Kraus operators E˜
(AD)
i =
e−iΩ(t)|1〉〈1|Eˆ
(AD)
i . This amplitude damping channel is, as the noisy channels considered
in the previous sections, generally non-Markovian and includes cases in which the
environment consists of a finite set of oscillators (even one).
8. Conclusions
One-qubit noisy channels (depolarizing, dephasing and amplitude-damping channels)
are usually described either by their Kraus representations or by Lindblad master
equations with constant decay rates, the typical Markovian master equations. In this
paper, simple models for a depolarizing channel have been considered, and models for
dephasing and amplitude damping have been briefly reviewed. No classical model for
the amplitude-damping channel was found, perhaps because the steady state of this
channel is a pure state.
The most important point raised in this paper is the following. The same Kraus
representation corresponds to different dynamical problems, including Markovian master
equations with constant decay rates, Markovian master equations with time-dependent
non-negative decay rates, and non-Markovian master equations with temporarily
negative decay rates. This observation may be useful for analyses of quantum
information processes in the most promising scalable realizations of quantum processors,
which are often non-Markovian.
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